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ABSTRACT

Based on the idea of the Nadaraya-Watson (NW) kernel smoother and the
technique of the local linear (LL) smoother, we construct for the first time
the NW and LL estimators of conditional mean functions and their deriva-
tives for a left truncated and right censored model. The target function
includes the regression function, the conditional moment as well as the
conditional distribution function as special cases. It is assumed that the
lifetime observations form a stationary a-mixing sequence. Asymptotic
normality of the estimators is established.

Palabras e frases crave: Asymptotic normality; Nadaraya-Watson and local
linear smoothing; conditional mean function; truncated and censored data; c-mixing.

1. INTRODUCTION

The study of the relationship between a variable of interest Y and a covariate X
is one of the most important problems in Statistics. This can be done via estimating
the function m(xz) = E(¢(Y)|X = z), where the (known) transformation ¢(-) is
introduced to include various targets of interest. For example, taking ¢(y) = y" we
get the rth conditional moment, and if we take ¢(y) = I(y < t) then m(z) becomes
the conditional distribution function of Y given X = x at ¢t. If we have n replications
(X;,Y;) of (X,Y), several kernel smoothers consist in estimating m(x) by calculating
a weighted local average of the ¢(Y;) values. This can be written as

Zwi(l‘)qﬁ(Yi), (1)

where w;(z) is a given weight function which describing the degree of smoothing on
the covariate. Special cases of (1) include the Nadaraya-Watson (NW) and the local
linear (LL) estimators.

In this paper we consider dependent observations, then {(X;,Y;),i > 1} denotes a



R x R valued stationary process from (X,Y’). There is a large literature about the
NW estimator of the regression function with complete dependent data. See, for
example, Bosq (1998) and the references therein.

In some fields as Reliability, Survival Analysis or Economics, right-censored or/and

left-truncated data are often encountered. The random variable Y can be regarded
as the lifetime of a device, the survival time of a patient or the duration time of
some economic variable. Recently, El Ghouch and Van Keilegom (2008) discussed
for the first time the asymptotic normality for an estimator of m(xz) based on a
transformed variable of Y, for the right-censored model with dependent data; Ould-
Said and Lemdani (2006) constructed a new nonparametric estimator (of NW type)
of E(Y|X = z) for the left-truncation model and studied its asymptotic properties in
independent and identically distributed (i.i.d.) setting, see also Liang et al. (2009)
for dependent data. However, to the best of our knowledge, little is known about the
estimator of m(x) for left truncated and right censored (LTRC) model.
Based on the idea of the NW kernel smoother and the technique of the LL smoother,
in this work, we construct for the first time the NW and LL estimators of m(z) and
its derivatives for the LTRC model, and establish the asymptotic normality for the
NW and LL estimators of m(x) under dependent observations. Firstly, we present
some notation. In the next section we introduce estimators of m(x) and the main
results are formulated in Section 3.

Let (Y, T,W) be a random vector, where Y is the lifetime with distribution func-
tion (df) F', T is the random left truncation time with df L, and W denotes the ran-
dom right censoring time with df G. In random LTRC model one observes (Z,T,§)
if Z> T, where Z = min(Y,W) and 6 = I(Y < W), when Z < T nothing is ob-
served. Clearly, if Y is independent of W, then Z has df H =1 — (1 — F)(1 — G).
Take 8 = P(T < Z), then necessarily, we assume 6 > 0. Counsider the presence
of covariates and assume that X admits df V(-) and density v(-). Then denote by
(X:,Z:,T3,6;), © = 1,2,--- ,n a stationary random sample from (X, Z,T,§) which
one observes (T; < Z;,Vi). Without loss of generality, we assume that Y, T and W
are nonnegative random variables, as usual in survival analysis. Iglesias-Pérez and
Gonzélez-Manteiga (1999) defined a generalized product-limit estimator, GPLE, of
the conditional survival function of Y given X = « for the LTRC data, given by

n

N I(Z; < y)6;Bni(x)
1= Fu(ylr) = H (1 - 22}21 I(T; < Z; < Zj)an(l’))’ @)

i=1

where By;(r) = K(%)/Zj=1 K(‘”;—j{j), K denotes a kernel function, and 0 <
h, — 0 is a bandwidth parameter. Under the i.i.d. assumptions, Iglesias-Pérez and
Gonzélez-Manteiga (1999) obtained an almost sure representation and asymptotic
normality of F,(-). Liang et al. (2010) investigated asymptotic properties of F,(-)
with a-mixing data.

In the sequel, {(X;, Z;,T3,0;) =: ¢, 1 < i < n} is assumed to be a stationary
a-mixing sequence of random vectors. Recall that the sequence {(x, k > 1} is said to



be a-mixing if the a-mixing coefficient

a(n) 2 sup sup{|P(AB) — P(A)P(B)| : A€ F%,.,B € F}'}
k>1

converges to zero as n — oo, where F;" = 0{{;, {i+1,...,(mn} denotes the o-algebra
generated by (i, (i1, .-, Cm with I < m. Among various mixing conditions used in
the literature, a-mixing is reasonably weak, and has many practical applications. See
Cai and Kim (2003) for motivation in the scope of Survival Analysis.

2. ESTIMATORS

In the sequel, for any df Q(y) = P(n < y), its density function is denoted by
q(y), we denote the left and right support endpoints by ag = inf{y : Q(y) > 0} and

bg = sup{y : Q(y) < 1}, respectively.

For any given z € R, define Q(ylz) = P(n < y|X = z) and Q*(y) = P(n <
y|T < Z), their density functions are denoted by ¢(y|z) and ¢*(y), respectively. Set
0(z) =PT < Z|X =), Clylx) = PT <y < Z|X =2,T < Z) and H{(ylz) =
P(Z<y,d=1X=2T<Z).

We observe that

V@) = P(X <a|T<2)=0"BE{I(X <2)E(I(T < 2)|X)}

_ 9—1/96 P(T§Z|X:t)v(t)dt:9_1/x B(t)u(t)dt,

which gives v*(x) = §710(x)v(z). In addition, assume that Y, T and W are condi-
tionally independent at X = x, and F(y|z) and G(y|z) are continuous with respect
to y. Then it is easy to verify that

Clylz) = 07 (2)L(yl2)(1 — Gyle))(1 — Flyl)) = 67 (2)L{yle)(1 — H(ylz)),
H; (yl) = 071 (x) / L(t]a) (1 — G(t}a) f (¢,

which gives hi(y|z) = 671 (z)L(y|z)(1 — G(y|x)) f(y|z). The estimator of C(y|z) is
defined by

n

i=1
From now on we only consider classes of functions ¢ that satisfy the following condi-
tions:
(H):(H1) ¢ vanishes outside the interval [ry, o] for some ar(.|z) < 71 < T2 < b (.|2);
(H2) ¢ is a bounded function on [ry, 72].
Remark 1 If the lifetime Y has no left truncation (i.e., T = 0), then one can choose

71 = 0 in the condition (H), in this case, (H) reduces to assumption (H) of El Ghouch
and Van Keilegom (2008).



Under condition (H), if A(-) is a bounded function with bounded support, and the
functions v*(t) and f(y|t) are continuous at t = x we find

E{Ae, (5~ BEC ()01 21 = (o)
=/ / (E0)er owe w1 = Fllshniulsdsdy - 2 [ A(*=2)o syas

/ [ A6+ a0l fule + ans)dsdy = [ A o+ as)ds / o(9)f (k) dy
[ A @+ )] [ oFle -+ o) = fgla))dy]ds — o, (@

where Ay, (-) = A(-/an)/an and 0 < a,, — 0.

Note that (4) suggests that the estimation of m(z) can be viewed as a nonpara-
metric regression of Y;* = 6;4(Z;)C~1(Z;|X;)(1 — F(Z;|X;)) on X;. Then, based on
the idea of the NW kernel smoother, the estimator of m(x) is defined by

. " Aan (Xz — CL’)
p i Vi 4 2?21 Aan (XJ — :E)’

where Y7 = 6;6(Z;)Ci (Zi] X3) (1 — F(Zi] X5)).

Next suppose that the 2th derivative of m(z) at point z exists and is continuous.
Then in a small neighbourhood of z, we can approximate m(x) locally by a linear
term

m(z) ~ m(z) + m'(z)(z — ) := Bo + f1(z — ).
Based on the idea of the LL smoother, the LL estimator B, (x) = (rp (), 7/ ; ()7
of B(z) = (m(x),m/(x))7, is defined as (fo, $1)7, which minimizes

ST (Y~ Bo — Bi(Xi — 7)) *Aa, (X; — ). (5)
=1
Let
1 (X, —x) vy
X=]: : Y= o |, W =diag(A,, (X; —2)).
1 (X, —2x) Y;

Then, from (5) simple algebra shows that B, (z) can be expressed as B, (z) =
(X"WX)~'X"WY*. Denote by s, ; = oS (Xé—;x)jAan (X; — x),

tng = & Timy (F472) Aa, (X —2)YV7,

Sn.0 Sn.1 tn 0
S, = ™ : and t, = ’ )
" < Sp,1 Sn,2 ) " < tn,l )

Then B, (z) = diag(1,a;")S .



3. MAIN RESULTS

Throughout the paper, let C,C4, - and cg,c,c1, - denote generic finite posi-
tive constants, whose values may change from line to line. A, = O(B,,) stands for
|A,| < C|B,| and f&9) (x,y) := 01 f(x,y)/0x'0y’; U(x) represents a neighborhood
of x. Let I = [x1, 23] be an interval contained in the support of m*(:), such that
infyer, m*(z) > do > 0 for I5 = [x1 — 6,22 + 6] with small 6 > 0.

In order to formulate the main results, we need the following assumptions.

(A1) K(-) is a Lipschitz-continuous density function with bounded support and
Jp tK(t)dt = 0.

(A2) (i) For s € I, Y, T and W are conditionally independent at X = s;

(ii) 7 and 7 are two real numbers such that ar(jey < 71 < T2 < by()z) and
ar(-|z) < AH(-|z) for x € Is.

(A3) The first 2 derivatives of functions 6(s) and v(s) are bounded for s € I, and the
first 2 partial derivatives with respect to s of functions L(yl|s), G(y|s), F(y|s),
I(yls), g(y|s) and f(y|s) are bounded for (s,y) € I5 x R.

(A4) For all integers j > 1, the joint conditional density v} (-,-) of X1 and X1 exists
on R x R and satisfies 'U;(Sl,SQ) < C for (s1,82) € Is x Is.

(A5) h;2(nhy/In(n))~A=3/2 = 0(1).

(A6) The kernel A(+) is a bounded function with bounded support, and satisfies that
Jp A(t)dt =1 and [, tA(t)dt = 0.

(A7) Assume that na, — oo, and that the sequence a(n) satisfies that there exist
positive integers ¢ := g,, such that ¢ = o((na,)/?) and lim,, . (na,; ")/?a(q) =
0.

(A8) Function m(-) has continuous second order derivatives at « € I.

2 T . .
Set 0%(2) = 0(w) [, Tl s bt — m2(x), 1y = [ tTA@)dE, vy = [o 1 A2(t)dt
and

S=(1 o) v=Cnn) o= (i)
0 p2 vy V2 w3
Theorem 1 Letx € I and a(k) = O(k=?) for some A > 2.1. Suppose that conditions

(H), (A1)-(A8) are satisfied, and that o®(x) > 0. If na3 — oo, then

(nan) " {myw () —m(e) = aqpe (27 m" (@) + m/ (@) (@)™ (@) + 6 ()8~ (2)])
+op(a2) + Op((In(n)/(nhn))"/? + h2)} 2 N(0, 60 (6(x)v(x)) " 0> ().



Theorem 2 Letx € I and a(k) = O(k~) for some A > 2.1. Suppose that conditions
(H), (A1)-(A8) are satisfied, and that o?(x) > 0. Then

(nan)"/*{diag(1, a,)[B,(z) — B(z)] — 27 a2m/ (2)S7'U + o, (a?)
+0,((In(n)/(nhn))"/? + 17)} 2 N (0,60 (@) (6(x)o() ' ST VS,
i.e, for 0 < k <1 we have
(naZ D)2 i) (2) — m® (@) — 27 a2~ m" (@) By + 0,(a27F)
+0p(a; *[(In(n)/ (nhn)) /2 + B2} 5 N(0,00%(2)(0(x)v(2)) Vi),

where By, and Vy, are, respectively, the k-th element of S™'U and the k-th diagonal
element of ST1VS™L,

Corollary 1 Under the assumptions of Theorem 2 we have
(nan)*{mps(x) = m(z) — 27 g pam () + op(aj;) + Op((In(n)/(nhn )2 + h3) }
B N(0, 000 (0(x)v(2)) 0% (x)).

The above results are the key to construct confidence intervals of a certain asymp-
totic level for m(x). A simulation study is in process to investigate the finite sample
performance of the proposed estimators 7 yw (x) and 7z (x) in the case ¢(y) = y.
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